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Abstract 
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C([0,T];fl' 1 (n)) and L°°((0,T) x fi), where T is independent of the 
viscosity, provided that initial velocity is regular enough. Further- 
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1 Introduction 



In this paper, we consider the vanishing viscosity limit problem from 
the Navier-Stokes flows on a general 3-dimensional bounded domain with 
Navier-slip boundary condition. The viscous flow is governed by 

d t u v - vAu u + {u v ■ V)u u + Vtt" = 0, in Q x (0, T), 

V • u u = 0, in Q x (0,T), ^'^ 

with the boundary conditions 

u u -n = 0, (cuilu u ) x n = 0, on fflx(0,T), (1.2) 

where n is the outnormal of dQ, and initial velocity 

u"\ t =o = u (x), in Q. 

Here the unknowns are the velocity u u (t,x) and the scalar pressure n u (t,x), 
uq(x) is the given initial velocity and the corresponding problem for the Euler 
equations reads 

' d t u° + (u° ■ V)u° + Vtt° = 0, in fix(0,T), 
V ■ u° = 0, 

< 

u° ■ n = 0, 
u°\ t=0 = u (x), 

It should be noted that the slip boundary condition (1.2) is a special case 
of the more general Navier-slip boundary condition 

u v -fi=0, {D(u v )n + au u ) T = 0, on dQx(0,T), (1.4) 

where D(u") = \{Vu v + (Vu") ( ) and 

r is any tangent direction on dVt. 
The problem of vanishing viscosity limits for the Navier-Stokes equa- 
tions is a classical issue. In the absence of physical boundaries, then any 
smooth solutions to the Euler system can be approximated by the ones to 
Navier-Stokes equations, see [2^l9l4TT | fT6 | fT7 t [20 t l29]. However, in the pres- 
ence of physical boundaries, this problem is a challenging problem due to 
the possible formation of boundary layers. The problem for the non-slip 
boundary condition was formally derived by Prandtl in in which it was 
obtained that the boundary layer can be described by an initial-boundary 
problem for a nonlinear degenerate parabolic-elliptic couple system called 



in Q, x (0,T), 
on dVl x (0,T), 
in Q. 



1.3) 
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the Prandtl's equations. Under monotonic assumptions on the velocity of 
the outflow, Oleinik and her collaborators established the local existence of 
smooth solutions for boundary value problem of the 2-dimensional Prandtl's 
equations [25] . In this case, the existence and uniqueness of global solutions 
to the Prandtl's equations was established by Xin, Zhang [37] (also see [36]). 
In [27J, Sammartino and Caflisch obtained the local existence of the analytic 
solutions to the Prandtl's equations and a rigorous theory on the boundary 
layer in incompressible fluids with analytic data in the frame of the abstract 
Cauchy-Kowaleskaya theory. 

However, the usual non-slip assumption was not always accepted from 
experimental facts. In [22], Navier first proposed the slip boundary condition 
(1.4) i.e. the tangential velocity proportional to the tangential component 
of the viscous stress while maintaining the no-flow condition in the normal 
direction, which is now called Navier boundary condition. This boundary 
condition was rigorously justified as the effective boundary conditions for 
flows over rough boundaries, see [15]. 

In contrast to the case of non-slip boundary condition, one would expect 
that the boundary layers are much weaker for the Navier-slip boundary con- 
dition, (1.2), and thus it should be easier to settle the problem of vanishing 
viscosity. Indeed, there have been many interesting studies along this line. 
For 2-dimensional smooth domains, Yudovich [38] and Lions, P.L. [18] stud- 
ied this problem for a special class of Navier-slip conditions, the vorticity 
free condition, for the incompressible Navier-Stokes equations, i.e. (1.4) in 2- 
dimensional space. For the general Navier-slip conditions, Clopeau, et.al. [8], 
Lopes Filho, Nussenveig Lopes and Planas [19] obtained that the solution u u 
to (11. ip converges to the solution u° of Euler equations in L°°(0, T; L 2 (M^_)) 
assuming that initial vorticity is uniformly bounded. More generally, Iftimie 
and Planas [13J observed that in both dimension two and three a direct L 2 
estimate yields the strong L 2 convergence to Euler equation, and that the 
convergence in H 2 is impossible in general. Thus, higher order (weaker) 
boundary layers must appear in general. This was investigated further by If- 
timie and Sueur in [H] for Navier-slip conditions (1.4) with fixed slip length 
(a = const.) and they improved the strong L 2 convergence with the rate 
0(vi). Furthermore, Wang, X.P., Wang, Y.G. and Xin, Z.P. [33J studied the 
asymptotic behavior of solutions to (11. ip with Navier boundary conditions 
(1.4) for variable slip length (a = v 1 ). They observed that the vanishing vis- 
cosity limit for the problem (11.11) with boundary conditions (11.21) for a = v 1 
should be influenced by the amplitude of the slip length. It should be noted 
that the approach in [33] can yield easily the leading profile expansion of 
boundary layers not only in L°°(0, T; L 2 (Q)) as given in [H], but even in 
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L°°((0,T) x fl). More recently, Masmoudi and Rousset [21] proved that the 
solutions to (II. ip converge uniformly to the one of the Euler equations in 
the spatial and time variables under the frame of conormal Sobolev space. 
However, for general Navier boundary conditions, it is difficult to obtain the 
convergence in higher order, even in H 1 as mentioned in |13j . 

In 2007, Xiao and Xin [34J first studied the problem fll.ip with the com- 
pletely slip boundary conditions, i.e. (1.2) which is a special case of (1.4). For 
the special case of flat boundaries, Xiao and Xin obtained the uniform H 2 - 
convergence theory with the optimal convergence rate. Later, Beirao da Veiga 
and Crispo obtained the corresponding L p -theory and the VF fc ' p -convergence 
in [HE], and they pointed out that in general it is impossible to have the 
./^-convergence for general 3D domains [0], see also [33]. It is also proposed 
in [4] as an challenging open problem to study the uniform if ^convergence 
theory of solutions to the problem (ll.lj) -(1.2) for general 3D domains. The 
only previous results for this problem is due to Xiao-Xin in |35j where they 
obtained the convergence in L°°((0,T) x H 1 ^)) for general smooth 3D do- 
mains with the rate 0(v) with the complete slip boundary condition (1.2) 
under the stringent additional condition that the initial vorticity vanishes on 
the boundary of the domain. 

The main purpose of this paper is to establish the L°°((0,T) x 
convergence theory for the solutions to the Navier-stokes system (1.1) with 
the slip boundary condition (1.2) in general 3D domains to the solution to 
the inviscid problem (1.3) with a rate 0{vi) and to prove the optimal rate 
of convergence in L°°((0,T) x Q). 

Some of the main difficulties involved with general domains can be illus- 
trated as follows. As pointed out in [12, 30], the solution, u v ', to (1.1)-(1.3) 
is expected to have the form 

u"(t, x) = u (t,x) + yftu b (t,X,^) +0(u), (1.4) 

y/V 

where z is equivalent to the distance between x and the boundary, u b is the 
leading order boundary layer which is smooth and decreasing fast in the last 
variable. For flat boundaries, u b vanishes identically and thus it is possible 
to obtain the uniform H 3 or W 2,p (p > 3) convergence theory as in [31, 
3, 4]. While for general curved domains, due to the curvature of dfl, u b 
does not vanish in general, which leads to new difficulties in the estimates 
of derivatives by the methods in [12, 31, 3, 4, 30, 32]. Our main strategy 
to overcome these difficulties is outlined as follows. The first key step is 
to estimate the leading order boundary layer profile u b to gain higher order 
regularities than those known ones in [12, 30], see (3.9), in particular, the 
uniform VF fc ' p -estimate in slow spatial variable and .£f s -estimates for time 
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and fast spatial variables. The second is to establish the uniform L p -bound 
(3 < p < 6) for the remainder in the asymptotic expansion of u u (see (3.1)). It 
should be noted that the L°°(0, T; L P (Q)) convergence theory with a uniform 
rate follows easily from the uniform L°°-bounds on derivatives obtained in 
[18] and the L°°(0, T; L 2 (Q)) convergence theory in [12, 30]. However, our 
approach yields a better rate of convergence for p > 2, which will be useful 
for our main results. The next step is to derive the i^-bound in the order 
0(v~z) for the remainder in the asymptotic expansion (3.1). This follows 
from the important results in [18] that the gradients of the solution, u u , to 
(1.1)-(1.2) are uniformly bounded for sufficient smooth initial velocity and 
the uniform //-estimates derived in the previous step. Then the desired 
C([0, T]; if 1 (fi)) convergence theory with a rate 0{v±) follows from this and 
the asymptotic ansatz provided that the initial velocity is regular enough. 
The final step is to estimate the W 1,p (p > 3) bound for the remainder in the 
asymptotic expansion by following the arguments for //^-estimates and to 
obtain the L°°((0, T) x Q) convergence with an optimal rate of order 0(vz). 

The rest of the paper is organized as follows. First, in section 2, we 
state some notations and preliminary results to be used later. Then the 
asymptotic ansatz of the solution u u to (1.1)-(1.2) and main convergence 
results are given in section 3. The desired higher order regularities of the 
leading order boundary layer profiles are obtained in section 4. In section 5, 
the uniform L p -bound for the remainder of the asymptotic ansatz is derived 
for 3 < p < 6. Then we derive the //^-estimate of the remainder and prove 
the C ([0 , T]; H 1 (Q)) convergence of u v to the solution, u , to (1.3) with a 
rate 0(v±), in section 6. Finally, we also obtain the VF^-estimates with 
3 < p < 6 and prove the convergence in L°°((0, T) x Q) with an optimal rate 
of order 0{v^) in section 6. 

2 Notations and preliminaries 

In this section, we will give some notations and preliminary results which 
will be employed later. Let Q be a bounded smooth domain in M 3 , k G R, 
and 1 < p < +oo. 

In the following sections, we will utilize the classical Lebesgue spaces 
(L P (Q), || • ||p), (L p (dfl), \\-\\ Pt dn) and the standard Sobolev spaces (W k > p (Q), ||- 
||fc iP ) and trace spaces (W m ' p (dil), || • || m , Pj an)- L 2 a {Q) is the subspace of L 2 (Vt) 
satisfying the divergence free condition. 

Let (W k,m,l,p (Q), || • \\k,m,i, P ) be the anisotropic Sobolev spaces defined as 
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follows: for fc, m, I G N, p > 1 



W fe ' m '^(ft x R+) = 2) G x f? + ) : (1 + z 2k )vd^d^g(x, z) G LP(Vl x # H 

|a| < m,P G N,/8 < 



with the norm 

\\g\\ p k , m ,i, P = E // (i+^ 2fc )i^(x,,)rdxd.. 

|a|<m,l^l<( + 

When p = 2, for simplicity, denote VF fc ' m,z ' 2 (f2) by H k ' m ' l (il). In the rest of 
paper, C will be a generic constant, which may change from line to line, but 
is independent of the viscosity. 

In the sequel, we list several results including existence theorems of solu- 
tion to the Navier-Stokes equations and the Euler equations, which will be 
used later. 

Lemma 2.1. Let Q be given a smooth and open set and 1 < p < 00. Then 
the following inequality holds true: There exists C > 0, such that 

\\u\\ p , dn <C\\u\\l~*\\u\\l P , ^eW^(Q). 
Proof. This follows easily from Lemma 7.44 in pQ. □ 
Lemma 2.2. Let u G W S ' P (Q) be a vector-valued function. Then for s > 1 

\\u\\s, P < C f ||V x u\\ s -x, P + ||divii|| s _i iP + \\u ■ n\\ s _i tdn + ||w|| s _i )P ) . 

Proof. See [71J33]. □ 

Lemma 2.3. For all u G W 1,p (Vt), 1 < p < +00, there exists C > such 
that 

\\u\\p < C|l^ M llp) 
||V«|| P < C(||V x u\\ p + ||divii||p), 
for all u such that u ■ n\gQ = 0, or u x n\ga = 0. 

Proof. This is proved in [34] . □ 

It should be noted that in Lemma 2.3 and what follows, n denotes the 
unit normal of dVL. 
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Lemma 2.4. Let u be a smooth function such that curln x n = 0. Then 
oj = curl u satisfies the following equality on dfl 

where denotes the totally anti- symmetric tensor such that (99 x tf))i = 
£ijk<-Pjipk- 

Proof. This follows from [3J. □ 

Lemma 2.5. (Hardy's Inequality) If Q C M n ,n >2, is a bounded lipschitz 
domain, then 

f J"Sf , dx<C / — VMGC °°(fi), 

J n d(x,dsi)p-p ~ J Q d(x,dn)-p 

/or all (3 < p — 1, where d(x, dQ) is the distance between x and dQ. 

Proof. See [23] □ 

Lemma 2.6. (Gronwall's Lemma) 

a) (Differential Version) Suppose that h and r are integrable on (a, b) and 
nonnegative a.e. in (a, 6). Further assume that y G C([a, &]), j/' G L l (a,b), 
and 

y'if) < h{t) + r(t)y(t) for a.e. t G (a, 6). 

T/ien 



!/(*)< 



y(a) + / /i(s)exp ( — / r(r)dr ds 



exp {^J r {s)ds^j , t G [a, 6]. 



b,) (Integral Form) Suppose that h is continuous on [a, 6], r is nonnegative 
and integrable on (a, b) and ?/ G C([a, b]) satisfies the following inequality: 

y(t) < h(t) + / r(s)y(s)ds for a.e. t G (a, b). 

T/ien 

< h(t) + J h(s)r(s) exp Qf r(r)dr^ ds, i G [a, b] . 

(Local Version) Let T,a,Co > be given constants and h be a non- 
negative integrable function on [0,T]. Assume that y > and y G C 1 ([0,T]) 
satzs/ies 

< /^(t)+c 0? /(t) 1+a o.e. te (0,T). 
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Let t G [0,T] 6e such that ac H(t ) a t < 1, where 

H(t) = y(0) + f h(s)ds. 
Jo 

Then for all t G [0, to] there holds 

y(t) < H{t) + H{t) [il - ac H(t) a t)-« - 1 

Proof, a) and b) are standard, see [23]. For the proof of part c), one can 
refer to the Appendix of [12]. □ 



The following theorems ensures the existence of strong solutions to the 
Euler equations. 

Theorem 2.7. Assume that Q is a regular bounded open set of R 3 . Let 

m and p be given, p>l ; m>l + ~. Then for each u G W m,p (Q) such 
that diviio = and uq ■ n = on dfl, there exist T < T and a unique 
function u° and a function ir on (0, T) , such that u° G C([0, T]; W m ' p (Q)) fl 
C 1 ^,?]; W 171 - 1 ^^)) and ir° G L°°(0, T; W m+1 ' p (tt)) solve / TOP . 

Proo/. See [30] or [7]. □ 

Let (Zj)j = i... N be a set of generators of vector fields tangential to dQ. For 
a multiindex (3, Z 13 = Zf 1 ■ ■ • Z^ N , define 

H£(0) = {/ G L 2 (fi) : G L 2 (fi) for all \/3\ < m} 

with 

H/llflS(0) = E 11^/11^(0)- 

|/3|<m 

Similarly, one can define the space W™ ,OQ and / G W™'°° if 
H/llwC' 00 ^) = E W zP fh°°(.n) < oo. 

\P\<m 

One can also define the space E m by 

E m = {ueH™(n)\VueH™-\n)} 

with the obvious norm. The following important uniform well-posedness 
results for solutions to (jl.ltil.2p in the above spaces are due to Masmoudi 
and Rousset [18]. 
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Theorem 2.8. Let m be an integer satisfying m > 6 and Vt be a C m+2 
domain. Consider u G E m PI L^(Q) such that Vu G W^°°(Q). Then there 
exists a positive constant T such that for all sufficiently small v there exists 
a unique solution, u v G C([0, T]; E m ) to M.l\ such that ||Vw v ||i i00 is 

bounded on [0,T]. Moreover, there exists C independent of v, such that 

sup (K(t)|| ffs( n) + \\^u v (t)\\ H ^ {n) + ||Vit"(t)|| w i.oo (n) ) < C. 
te[o,T] 

From now on, the time T is taken to be finite and fixed unless stated 
otherwise. 



3 Asymptotic expansions of the solution and 
main result 

In this section, we are going to study the asymptotic expansions of the 
strong solution as in Theorem 2.8 and state the main results in this paper. 

First, choose a smooth function <p G C°°(1R 3 ;1R) such that in a neigh- 
borhood A of dQ, one has that Q n A = {<p > 0} n A, Q c H A = {ip < 
0} fl A, dVtn A = {ip = 0} fl A and it is normalized such that | Vy?| = 1 for all 
x G A. Thus (p is regarded as a distance between x and dQ for x G A without 
restriction. It is assumed that A = {x G Q : y(ic) < f?} for a small number 
j] > 0. We define a smooth extension of the normal unit vector n inside Q by 
taking n = Vtp. 

As in [IHE3], the solution u v to (1.1)-(1.2) is expected to be described 
by the following ansatz: 

u"(t, x) = u°(t, x) + y/uu b (t, x, ^0-) + vv(t, x, ^$-) + vR"(t, x); (3.1) 



TT v (t, x) = 7T°(t, x) + y/vp(t, x, f!^.) + V q(t, x, < ^-) + vn(t, x) . (3.2) 



Plugging (3.1) and (3.2) into (1.1) leads to 

d zU h ■ ft = 0; (3.3) 
div x u b = —d z v ■ n. (3.4) 

Following the argument in (33] shows easily that p = 0. On the other hand, 
the term of the order O^y/u) is 

d t u b - d 2 u b + —-zd z u b + u° ■ Vu b + u b ■ Vu° + u b ■ nd z u b + nd z q (3.5) 
<p(x) 
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Modifying slightly the proof in [TJ], one can prove that if u b (t, x, 0) -n(x) 
and u b solves the following equations 



77^ * 71 

d t u b - d\u b + —-zd z u b + (u° ■ Vu b + u b ■ Vu°) xn = 0, (3.6) 

tp(x) 

then u b ■ n = 0, for all (t, x, z) G (0, T) x Vt x R + . 

Therefore, we can infer that u b satisfies the following system 

d t u b - d 2 z u b + — -zd z u b + (u° ■ Vu b + u b ■ Vu°) x n = 0, 

<p{?) (3.7) 

{u° ■ Vu b + u b ■ Vu°) ■ n = d z q. 

with boundary and initial conditions 

u b ■ ft = 0, d z u b = —curl u° x ft, on z = 0, 
u b (0,x,z) = 0. 

The following proposition follows essentially as in [12], 



(3.8) 



Proposition 3.1. There exists a unique pair (u b ,q) which solves (3.7)-(3.8) 
with the following 

u b e L°°(0, T; H k ' 2 >°) n L 2 (0, T; H kA1 ) 

for all ken and d z u b e ^°°((0, T) x Q x R + ). 

Moreover, u b vanishes for x outside the neighborhood A and u b -n = /or 
a// (t, a;, z) G (0, T) x $7 x R + . Consequently, it holds that 

sup || "U^ - «°||i2(n) < Cv%, 
te[o,T] 

provided that initial velocity u G H 3 (Q). 

In this paper, we aim to improve the regularity of u b which is the solution 
of problem (3.7) with (3.8) under the assumption of higher order regularities 
for the initial velocity and to obtain our main results. First, we have 

Theorem 3.2. Let uq G H s for s > Q, be a divergence free vector field 
satisfying the boundary conditions U.fy) . Suppose Q to be a C s+2 bounded 
domain. Assume that u v is the weak solution to the Navier-Stokes equations 
(1-1) with initial velocity uq. Let u° be the smooth solution to the problem 
(1-3) with the same initial data as in Theorem 2.8. Then there exists a unique 
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boundary layer profile u b solving (3.7)- (3.8) with the following regularities for 
p>2 

u b £ L°°(0,T; W k ' s '°' p ); 

u b £ C([0, T]; H^- 2 ' 1 ) n L°°(0, T; # fc > s - 2 ' 2 n if*-*- 1 ' 1 ) n L 2 (0, T; H k ' s ~ 2 ' 3 ); 
d t u b £ L°°(0, T; i/ fc ' s - 2 ' ) n L 2 (0, T; tf^" 2 ' 1 n H k,s ~ 1,0 ). 

(3.9) 

Consequently, there exists u > 0, small enough, such that for all < v < v , 
it holds that for all p £ (3, 6], 

sup Wu" - u\ < Cv* + & , sup ll^llp^C. 

te[o,r] te[o,T] 

i/ere C zs independent of v. 

Remark 3.3. In fact, it follows from Gagliado-Nirenberg inequality, Propo- 
sition 3.1 and Theorem 2.8 that 

3 9 

sup \\u v - U°\\p < C^io + W 
te[o,T] 

However, for p > 2, the rate above is less than the one in Theorem 3.2. 

Based on Theorem 3.2, the following main results can be proved. 

Theorem 3.4. Under the same assumptions in Theorem 3.2, there exists 
vq > 0, suitably small, such that for all < v < u , it holds that 

sup \\u" - u°\\ H i {n) < dv*, 

0<t<T 

SUp \\u V — W°||oo < C2^ 5 
0<t<T 

where Ci is independent of v, i = 1,2. 

4 Estimates of boundary layers 

In this section, we will derive the main regularity estimates for the first order 
boundary layer profile u b , including LP— estimates in (x, z) and the estimates 
of time regularity. 

The following lemmas will be applied in the rest of paper. 

We start with some elementary estimates. 
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Lemma 4.1. There exists a constant C independent of v such that for all 
v E L P (R + ; W 2 > p {Vt)) = W°' 2 '°' p (tt x R + ), p > 1 w/wc/i vanishes for x outside 
the neighborhood A of dQ, 



i 



Kx,^)|| p <C^|M| ,i,o, P , (4.1) 



where (p(x) is the smooth function defined as in section 3. 

Proof. (4.1) follows from a similar argument for Lemma 3 in p3]. □ 

Lemma 4.2. Let u G W S+1 ' P (Q) with u ■ n = 0, then f(x,t) = ^ e 
C([0, T]; W S ' P (Q)) fi C l ([0, T]; W s ~ 1,p (tt)). 

Proof. This conclusion follows by modifying sightly the proof of Lemma 4 
in im. □ 



The following proposition shows the L p -estimates of the higher order 
derivative in the x-variable for the boundary layer profile u b . 

Proposition 4.3. Let 2 < p < oo and k > 1. If u e W m+3 > p (tt) with 
V • Uq = and Mo • = 0, curl-uo x n = on <9fi, i/ien 

u b E L°°(0, T; V^ fc ' m '°' p (fi x E+)). (4.2) 

Proof. This can be verified by induction. Set g{x,t) = curl-u x n. Then 

o e c([o, t}- w m+2 > p (n)) n ^([o, T] ; jy m+1 ' p (ft)). 

At first, we consider the case m = 0. Multiply (13. 6p by (1 + z 2k )\u b \ p ~ 2 u b 
and integrate in x and 2 to obtain 



1 d 
p dt 



(1 + z 2k ) \u b \ p dxdz + / / (1 + z 2k )u b ■ Vu°\u b \ p - 2 u b dxdz+ 



(1 + z 2k )u° ■ W x u b \u b \ p - 2 u b dxdz + (z + z 2k+1 )f ■ d z u b \u b \ p - 2 u b dxdz 

QxR + JJnxR + 



- [[ (1 + z 2k )d 2 z u b \u b \ p ~ 2 u b dxdz = 0. 



(4.3) 

Since V ■ u° = and u° ■ u = on the third term on the left hand side 
vanishes. Integrating by parts with respect to z to the last term and using 
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(3.8) and the decay property of u° due to Proposition 3.1 yield 
1 d 



\\ v b \\p + 



p dt 



ff (1 + z 2k )\d z u b \ 2 \u b \ p ~ 2 dxdz 
J JnxR + 



< - ff 2kz 2k - 1 d z u b \u b \ p ~ 2 u b dxdz - ff (1 + z 2k )u b ■ VvP\u h \ p - 2 u h dxdz 

J JilxR + J JSJxl + 

- - ff {l + {2k + l)z 2k )f\u b \ p dxdz + f g(x,t)\u b (x,t,0)\ p - 2 \u b (x,t,0)\dx 
P J JnxR+ Jn 

=Ii + h + h + h- 

(4.4) 

Young's inequality implies that 

|Ii | < e ff (l + z 2k )\d z u b \ 2 \u b \ p - 2 dxdz+ f f (l+z 2k )\u b \ p dxdz. (4.5) 
J JnxR+ J JnxR+ 

Due to the regularity of u° and /, one can get that 

\h\ + \h\ < C ff (1 + z 2k )\u b \ p dxdz. (4.6) 
The term I 4 can be estimated as follows: 

p — 1 p — 1 

\h\ < \\g\\ P ( f \u b (x,t,0)\ p dx] P <C\\g\\Jff \d z u b \\u b r 2 u b dxdz) " 
\Jn / \J JnxR + / 

p— 1 p 

<C\\g\\ P ( ff {I + z 2k )\d z u b \ 2 \u b \ p - 2 dxdz\ ^ ( ff (1 + z 2k )\u b \ p dxdz\ 

\J JQxR + J \J JnxR + J 

<e ff (1 + z 2k )\d z u b \ 2 \u b \ p - 2 dxdz + C\\g\\* + C ff (1 + z 2k )\u b \ p dxdz. 
JJnxR + J JnxR + 

(4.7) 

Then, for e — |, one gets from (4.4)-(4.7) that 

-^ll M6 Hfc,o,o,P ^ C \\ ub \\k,o,o,p + 
Thus Gronwall's Lemma yields 

sup ||w 6 ||fc,o,o,P < C> 

te(o,T) 

which proves (4.2) for m = 0. 

Assume that when s < m - 1, it holds that £ L°°(0, T; 14 7fc ' s ' 0,p (fi)), 
when w £ W^ +3 - p . Next we verify that for s = m, u b £ L°°(0, T\ W k ' s '°' p (tt)) 
holds true. 
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To this end, one can apply the operator <9" to (3.6) with |a| = m, multiply 
the resulting identity by (1 + z 2k )\dy b \ p ~ 2 dy b , and integrate in x and z to 
obtain 



nxR + 



- ff (i + z 2k )d°[(u b ■ vm° + u° ■ w x u b ) x n]\dy b \ p - 2 dy b dxdz (4.8) 

- ff (1 + z 2k )d«(fzd z u b )\dy b \ p - 2 dy b dxdz = i 1 + i 2 + i 3 . 



' QxM. 

To estimate Ji, we integrate by parts with respect to z to get 



h< - ff (1 + z 2fe )(<9 2 d> 6 )|d> b | p - 2 3 z <9>Maxk 
- ff 2kz 2k - 1 (d z dy b )\dy b \ p ~ 2 dy b dxdz 
d z (dy b )\dy b \ p - 2 d«u b \ z=0 dx 
ff (1 + z 2k )\d z dy b \ 2 \dy b r 2 dxdz - j u + / l2 . 

J Jnx&+ 



>flxR + 

It follows from Young's inequality that 



ff (i+z 2k )\d z dy b \ 2 \dy b \ p - 2 dxdz+c ff (i+z 2k )\dy b \ p dxdz 

JJflxR + JJcixR + 



Since d z (dy b )\ z=0 = dy(x,t), by the same argument in the estimates of I 4 , 
one can get 



\h 2 \ <e 
+ C 

Thus, 
h< 



ff (1 + z 2k )\d z d*u b \ 2 \dy b \ p ~ 2 dxdz 

f f (l + z 2k )\d^u b \ p dxdz + C\\d^g(x,t)\\ P P - 



(i - // (1 + z 2k )\d z dy b \ 2 \dy b r 2 dxdz + c||^ir fcimAp + a 

(4.9) 

Now we turn to I 2 - It follows from direct calculations (see [12]) that 

d:(u x ft) = (<9» x n + DW-^u), (4.10) 
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where D^(u) denotes a linear combination of components of u and their 
derivatives with respect to x of order < |a| with coefficients consisting of 
components of n and its derivatives. Then J 2 can be rewritten as 



h = II (1 + z 2k ){[dP{u b ■ Vu° + u° ■ V x u b )} 

J JQxR + 



x n 



+ D™-\u b ■ Vu° + u° ■ V x u b )} ■ \dy b \ p - 2 d«u b dxdz 



(1 + z 2k ){[d°(u b ■ W + u° ■ W x u b )} + D™-\u b ■ Vw° + u° ■ V x u 



m-l/„.6 V7„.0 , „.0 



- [d«(u b ■ Vu° + u° ■ V x u b ) ■ n]n}\d x *u b \ p - 2 dy b dxdz = J ± + J 2 + J 3 
First, we assume that m > 3 and recall the Leibniz' formula 



(4.11) 



D a (uv) = (f) D ^ uD ^ 



d\<*\ 



a 



where D a = ^...^ , 
A < c*i(i = 1, • • • , n). Then 



(«!•••«„) and Q) = e\(a-B)V P ^ 



a means 



Ji= If (i + z 2k )[d«(u b ■ vu° + u°- v x u b )]\dy b \ p - 2 dy b dxdz 

= V ( f] II (i + z 2k ) (d?u b ■ v^-V + flf m° • varV) |«9^Y" 2 ^> 6 dxd^ 



For the terms of > 1, one has 



in 



(1 + ^ fe )<9fw 6 • V^ _ V|a£u 6 | p - 2 fl£u 6 da;dz 



<( 



:c||varV|| L .||(i + * 2fe ) Vu^iki + z^dyX- 1 
<c\\u% l+3 j(i + z 2k )tu% lp + ||(i + z^dyX. 

For the terms of /3 — 0, one gets from Sobolev's imbedding that 

I J?! I = // (i + ^ 2fc )M fe • vdy°\dy b \ p - 2 dy b dxdz 

<c||va>°|| 2p ||(i + z 2k )- PU % p \\(i + z^oyX- 1 
<c|k ir m+3 , P ||(i + z 2k )lu b \\i P + ||(i + z 2k )hyX, 
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since 2p < 



3p 

3-p- 



Since u° ■ n = on dfl and divu = 0, it follows that 

II (i + z 2k ) u ° ■ vdy b \dy b \ p ~ 2 dy b dxdz 

J JftxR + 

Next, the other terms of jf 2 for (3 ^ can be estimated as 



= 0. 



I T p I - 

\ J 12\ — 



(1 + z 2k )d^u° ■ Vd«~ l3 u b \dy b \ p - 2 dy b dxdz 



nxR, 



<C|k°|| P m+ 3, P ll(l + Z 2k )*uT m - m+1 , p + 11(1 + **)t%U%. 



Therefore, we can conclude that 



\/3<a,/3>0 ' J 



.1 



Note that 



(1 + z 2k )[d^(u b ■ Vw° + u° ■ V x u b ) ■ n]n\dy b \ p -' 2 dy b dxdz 



id„.b\v— 2 na„.&. 



(1 + 2 



2A-\ 



v/3<a 



I/, 



u° • Vd£~V) )-n\ n\dy b \ p ~ 2 dy b dxdz 



<</ 3 l + 



[[ (i + z 2k ) [(u° • va> 6 ) • ft] n\dy b \ p - 2 dy b dxdz 



= ^31 + <^32- 



J31 can be estimated exactly as for J\. To estimate J32, noting that u b -n — 0, 
so 9"-u b • n = — -D™ -1 (-u fe ), one can estimate J 32 as follow 

I j 32 | =| ff (1 + . v(a> 6 • n)|a> 6 | p - 2 (a> 6 • n) 

+ u° ■ Vn • tAD™~ V|<9> 6 | p ~ 2 )daxk| 

(1 + z 2k ){\u° ■ vD^- 1 u b \dy b \ p - 2 {dy b ■ n)\ 



< 



f2xM + 



+ |u° • Vn • u b D™- l u b \dy b \ p - 2 \)dxdz, 
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which can be handled as for J x . Now, it is clear that J 2 can be treated as for 
J i. Thus we have 



h<c{ y, (fl (H 1 + ^%\*+ Ha + 

\/3<a,l3>0 \' ' 



2k \7;„, b \\P 



U 



\m-\P\+l 



(4.12) 



+ c7||(i + * 2fc )Fgyig. 

Next, one can estimate I3 as 



< C 



+ 



- JJ q ^ + \d>T 2 d> b dxdz 
ff (1 + z 2k )zfd z \d*u c \ p dxdz 

-If (1 + z 2k )z ( Y (oW^qrv) |a>t" 2 5> b d^ 



^31 + -^32- 

By the regularity of / and integrating by parts for z, one gets 
I/31I < C 



ff z (i + z 2k )d z \dy b \ p dxdz 

<C ff (1 + (2k + l)z 2k )\dy b \ p dxdz 



IQXR+ 
IP 

I k,m,0,p' 

Due to the regularity of d£f, it follows from integration by parts in z and 



< C\\u b " p 



, ,, // [(1 + (2k + i)z 2k )d^d^u b \dy b r 2 d:u b 



Young's inequality that 

=1 E ,a 

0</3<a 

+ z(i + z 2k )d^jd^u b d z (\dy b \ p - 2 ■ dy b )]dxdz\ 

<Cj] (f)(ff (l + (2k + l)z 2k )\d^u b \\dy b \ p - l dxdz 

0</3<a W i^xM + 

+ ff (z + z 2k+l )\d^-Pu b \\dy b \ p - 2 \d«d z u b \dxdz) 

^ C Y ( «)(ll M6 Hfe,|a-/3|,0,P + ll M6 Hfc+f,m-|/3|,0,p) + ^H^Hfc.mAp 

// (1 + 2 2fe )|d^ & | 2 |d>Y _2 dzd,z. 



0</3<a 
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Thus, collecting all the estimates above and using (4.8), one has by choosing 
e = | to get 



--\\v b \\ p 
pdt" " fc ' m '°' p 

(4.13) 



<C £ (")(ll-11 m -|,|,o, P +ll^ll^ f , m -|/3|,oJ + G ^ 

0</3<a KH/ 



b\\p 

k,m,0,p' 



which yields (4.2) for s = m by the induction assumptions and Gronwall's 
Lemma. This completes the proof of Proposition 4.3. □ 

Remark 4.4. In this proof, it is required that uq G W s+3 ' p (Q). How- 
ever, for p = 2, one can prove that if u G H m+1 (Q) fl L 2 (Q) then u b G 
L°°(0, T; H k,m, °). In fact, for m < 2, one can refer to the proof in [Lffl . 
However, if m > 2, the proof can be done by modifying the H 2 - estimates 
in [Lffl or by modifying the following analysis in Lemmas 4-5 and 4-6. 

It seems difficult to get //-estimates of derivatives of the boundary layer 
profile in (t, z) — variable, but we can obtain the following estimates which 
improve the regularity with respect to (t, z)-variable in |14j . 

Lemma 4.5. If u G H m+1 (Vl) n m > 2, with u ■ n\ dn = 0, then 

u b G L^T;^™' 1 ^ x R + )) andd t u b G L 2 (0, T; H k ' m '°{Vt x 

Proof. Apply with \a\ = m to f)3.6p to get 
d t dy b - d 2 z dy b + d«{fzd z u b ) + d«[{u b ■ Vu° + u° ■ Vu b ) x n] = 0. (4.14) 
Multiplying (14.141) by (1 + z 2k )d t d"u b and integrating over f2 x E + , one 

has 



0= // (1 + z 2k )\d t dy b \ 2 dxdz - // (1 + z 2k )d t dy b d 2 dy b dxdz 



2k\\a <3a„,6|2j — ]~ / / i J2k\£> f^a^b q2 Qa„,b ^ 

SlxR + J JflxR + 

+ ff (1 + z 2k )d t dy b d°(fzd z u b )dxdz 

J JQxR + 

+ ff (1 + z 2k )d t dy b d«[(u b ■ Vu° + u° ■ Vu b ) x n] 
J JnxR+ 

(1 + z 2k )\d t dy b \ 2 dxdz + K 1 + K 2 + K 3 . 
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We estimate K x first. In fact, integration by parts with respect to z yields 

Kl= \^t II (i + ^l^yfcbcb 

+ ff 2kz 2k - 1 d z dy b ■ d t dy b dxdz - f d z dy b (x, t, 0)d t d°u b (x, t, 0)dx 

4£ II (1 + ^M^dxdz + c\\d z dy b \\t^ + e||a t a> 6 ||^ 0)0 

d*g -d t dy b (x,t,0)dx. 

The last term on the right can be estimated as follows: 

- / d a x g-d t d a x u b (x,t^)dx = -^- f d a x gd a x u b \ z=Q dx + f d t di*gd?u b \ z=Q dx 
Jn at Jn Jn 

= t+II d: 9 d z dy b dxdz - ff d t d: 9 d z dy b dxdz 

at J JflxR + J JnxR + 

< 1 // d:gd z dPu b dxdz + ||^V|ko,o||<9^(l + z 2k )^\\ L ^ xR+) . 



>nxR + 
Therefore, 

d ff (\ 



Kl "dt J Jnxu U (1 + z2k ^ d " d * ub \ 2 + %9d,%u b ) dxdz 

+ C\\d z d a x u b \\l 0fi + e\\d t d:u b \\l 0fi + \\d t d: 9 (l + z 2k )~\ \n Hn 



(4.15) 

Next, we estimate K 2 . Note that 

K 2 = ff (1 + z 2k )d t d x *u b d x t (fzd z u b )dxdz 

= ff (i + z 2k )d t dy b z (f) d^fd^d z u b dxdz. 

J JUxR + /3<Q \PJ 

The terms on the right hand side above can be handled as follows. 
For the case j3 — 0, one has 

// (i + z 2fe )a t 9> 6 z ^ fd^d z u b dxdz 

J JnxR+ < a 

<||/||oo||(i + z 2fc )^ t a> 6 || 2 ||(i + ^( fc+1 ))^ z a> 



6|| 

2 
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For \(3\ = 1, one can get 

ff (1 + z 2k )8 t dy b z dPfd%-Pd z u b dxdz 

<C f (l + z 2k )z\\d t d^u b \\ 2 \\d^f\\ 6 \\^d z u%dz 
Jr + 

<c Ha + ^)^ t a> 6 i| 2 ||/i| 2 , 2 ||(i + ^ +2 ))^^rviiln(i + z 2k ^d z dr^u b \\l 2 

\P\>P 

1 1 

here one has used the interpolation inequality ||u|| 3 < HwllflMli^- 
In the case that |/?| > 2, one has 



ff (1 + ^ 2fc )d t <%Vz ^ dPfd%-Pd z u h &xdz 



'QxR+ p< a 

<c f {i+z 2k )z\\d t d:u%\\d^u\d:^d z u b \udz 

<c\\(i + z 2fe )^> 6 i| 2 n/iu 2 |i(i + z 2{k+2 ^d z dr p u b \\i 2 \\{\ + z 2k fd z dr^ 

1 1 

where one has used the interpolation inequality ||w||oo < 1 1 u 1 1 1,2 1 1 u 1 1 2,2 • 
Therefore, 

K2 < C(\\u b \\ 2 k+W + |k 6 ||Um-i,i + + 4%%« b \\lfl,o- ( 4 -!6) 

Using the similar argument as above and the proof of I2 i n Proposition 
4.3, we can obtain that 



1 

1 2 
1 2,2 



K 3 < C(\\u b \\l m _ hl + \\u b \\l mA ) + e\\d t d:u b \\l 0fl . 



¥*„,&l|2 



(4.17) 



Due to Remark 4.4, it holds that ||u 6 || 2 2( T-H k < m - 1 (nxR + ) — ^- It follows 
from the Gronwall's lemma, Holder inequality and the choice of e — | that 

T;H k <™'0(nx& + )) < C, \\U \\L°°(0,T;H k ' m < 1 (nx& + )) < C- 

The proof is completed. □ 

In fact, the regularity of d t u b can be improved further, if the initial data 
is regular enough. 
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Lemma 4.6. If u G H m+2 {VL) n L 2 (fi),m > 2 with u ■ n\ dn = 0, then it 
holds that 

d t u b G L°°{0,T;H k ' m '°{Q x R + )) n L 2 (0, T; H k,m,l {Vt x R + )). (4.18) 
Consequently, 

u b G L°°{0,T;H k ' m ' 2 {Q x R + )) fl £ 2 (0, T; H k ' m ' 3 (Q x R + )). (4.19) 
Proof. It follows from (3.6) that 

d t {d t d%u b ) - d 2 z {d t dy b ) + d t d a x {f zd z u b ) + <9^[(w° • Vw 6 + w b • Vw°) x n] = 0. 

(4.20) 

Multiply (4.20) by (1 + z 2k )d t d*u b and integrate over Q x R + to get 

" J" // + ^ 2fc )l^>Td^ - // (1 + ^ 2fc )d 2 (<9 t d> 6 )d t <9> b d:«k 

II (1 + z 2k )d t d x t (fzd z u b )d t d%u b dxdz 
J JnxR+ 

II (1 + z 2fc )<9 t d£[(u° • Vw 6 + w b • Vw°) x n]^9^ 6 dxdz = 0. 

</ </f2xR + 

(4.21) 

We treat the case lal = first. Note that 



+ 
+ 



- II (1 + z 2k )d 2 z {d t u b )d t u b dxdz = 11 (1 + z 2k )\d z d t u b \ 2 dxdz 

J JQxR + J JQxR + 

+ 2k II z 2k - 1 d z d t u b d t u b dxdz - I d t d z u b d t u b \ z=0 dx 
J JctxR + Jn 

> II (1 + z 2k )\d z d t u b \ 2 dxdz - C\\(l + z 2k )h z d t u%\\{l + z 2k )^d t u% 

J JttxR + 

- \d t gd t d z u b \dxdz 

J JQxR + 

> II (1 + z 2k )\d z d t u b \ 2 dxdz - C\\(l + z 2k )^d z d t u% • ||(1 + z 2k )^d t u b \\ 2 
J JnxR + 

- C\\(l + z 2k )^d z d t u b \\ 2 \\(l + z 2k )^d t g\\ 2 , 
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and 



< 



II (1 + z 2k )d t {fzd z u b )d t u b dxdz 
J JnxR + 

II (1 + z 2k )d t fzd z u b d t u b dxdz 
J JnxR + 

II (1 + z 2k )fzd z d t u b d t u b dxdz 



+ 



<C1I^/IU-II(] > -- 2k+ ' 2 )-0 l u%\\(l -z 2k ^d z u b \\ 2 

2k\ ' 



^ 2k+2 )^d t u b \ 

Jlk+2\±X „M\ llfl a ,.hl 



+ CU/IU- 1|(1 + ^ fe+2 )^^ 6 || 2 ||^ 6 (l + z 2k ) 

<C||ftti 6 ||2 +li0>0 + ||« 6 ||i 0>1 + e ||ft9,« 6 ||io I o- 
Similarly, one can get 



1 + z 2/c )^[(m° • Vw 6 + • Vw°) x n}d t u b dxdz 



= 11 (1 + z 2k ) [(d t u° ■ Vu b + u° ■ Vd t u b + <V • Vw° + m 6 V^m°) x n] d t u b dxdz 

<cmu c \\i 2 , + h c \\h,o)- 

It follows from these, the Gronwall's Lemma and Lemma 4.5 that 



snp \\d t u b (t)\\l 0fi + [ T II (l + ^)|^Yd^dt<C' + lim||a^(t)|| 2 A0 . 

0<t<T Jo JJnxR + 

(4.22) 

By induction, as in argument for Proposition 4.3, we can obtain 



sup \\dtu (t)\\ k + \\dtu \ L 2 {0tT . Hk , m , HnxR )} < C + \im\\d t u (t)\\ k „. 



(4.23) 

Since M b (x,0,z) = 0, thus d"d J z u b (x, 0, z) = 0, for all a,j. Therefore, taking 
limit in both sides of (4.22)-(4.23) as t — > 0, we can get d t d^u b (x, t, z) — > 
in a.e. Q x R + as t — > 0. Therefore, the last terms on the right side of (4.22) 
and (4.23) vanish. This proves (4.18). 

To prove (4.19), one uses (3.16) again, (4.18) and Lemma 4.5 to get 



u b G L°°(0,T; H k ' m ' 2 (n x R+)). 



(4.24) 



Similarly, differentiating (3.6) in z, we can then use (4.18), (4.24) and Lemma 
4.5 to obtain the second part of (4.19). Thus Lemma 4.6 is proved. □ 
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5 L p — uniform bound of the remainder R u for 

3 < p < 6 

In this section, we give the L p -estimates of the remainder R v in (3.1). Note 
that the remainder R v satisfies the following equation ([12]): 

d t R u - uAR u + u v ■ VR U + R" ■ Vu° + y/VR u ■ nd z v + R" ■ nd z u b + y/vR' ■ V 

= -d t v + Au° + y/^A x u b + In ■ V x d z u b + vA x [v(x, < ^-)\ - u u ■ V x v -v-Vu 

i=u° ■ nd z v — \fuv ■ nd z v — v ■ nd z u b — u b ■ V x u b + Aw • d z u b — yfvv ■ V x u 



iX\\W -div,r(f..c, in Q, 



+ V x q + V x k := R.H.S. in Q, 

(5.1) 

R v ■ n{x) + v(t, x, 0) • n(x) = 0, for x G dQ, (5.2) 

9ft. 
(5.3) 



with the boundary conditions: 



curl R v x n H — ^curl x w 6 (t, x, 0) x n + curL^t, x, 0) x n = for x E d£l. 



The initial data for R v is 

R u (0,x) = 0, for iGfi . (5.4) 

Set 

b(t, x) = —j=u b {t, x, 0) + v(t, x, 0). 

In the sequel, we need the following anisotropic Sobolev embedding result 
whose proof is given in [12]. 



Lemma 5.1. Let U(x, z) be a sufficiently regular function defined onQx\ 
Assume that either 2 < p < oo, m > | — | or p = oo, m > |. Then 



||C/(x,^)|| p <C||C/|| w . (5.5) 

We now begin to derive the //-estimate of i? 1 '. To this end , we need the 
following Weyl decomposition of the space L P (Q): 
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Lemma 5.2. Let p > 2. Set G P (Q) = {u G L p (fi) :« = Vg,g6 
and Jp(fi) = {uG L p (f2) : divw = in Q, u ■ n — on dQ}. Then 

L p (fi) = G p (n)0j p (n) 

and the projections of an arbitrary vector field u(x) to the above subspaces 
are defined respectively by the formulas 



F G u = -V / V y N(x, y) ■ u(y)dy 
Jn 

F jU = u + V I V y N{x,y) ■u{y)dy. 



(5.6) 



with the following estimates: 

\\F G u\\ ltP +\\Fju\\ ltP <C\\u\\ l>p 
where I < r if dtt e C r+1 and u G W l ' p (tt). 

Proof See [2H] □ 

For simplicity, we set P = Fj and decompose R v = FR U + (I - F)R V . It 
can be shown easily that (/ — F)R U is bounded in W 1,P (VL) independent of v. 

Lemma 5.3. (7 - F)R P is uniformly bounded in L°°(0, T; W 1 ^^)) for 3 < 
p < 6, that is, 

||(/-P)^|| l!P <C||M b || li3 ,o. 

Proof. This conclusion follows easily by using the standard LP estimates for 
elliptic equations, or refer to [H]. □ 

The main part of this section is to bound HPi^Hp independent of v. 
Indeed, we have 

Lemma 5.4. Let 3 < p < 6. There exists a positive constant i/q G (0, 1) such 
that for all v G (0, it holds that 

su-p \\FR v \\l + C Q v ! \\V\FR v \i\\ldt<C (5.8) 

0<t<T Jo 

with positive constants Co and C independent of v. 
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The rest of this section is devoted to the proof of Lemma 5.4. In order 
to avoid estimating the unknown pressure term V x k, one needs to take inner 
product of (5.1) with F(\FR u \ p - 2 FR v ). To simplify the computation, due to 
Lemma 5.2, we rewrite F(\FR u \ p - 2 FR u ) as 



r(\FR u \ p ~ 2 FR u ) = \FR U \ P ~ 2 FR U + VQ 
with Q = j n V y N{x,y) ■ \FR V \ P ~ 2 FR V dy satisfying 



(5.9) 



||v 2 q||^<c||v(|p^ 

dQ 



1 < s < oo, 



(5.10) 



, dn 



= o on on. 



It follows from (5.1), (5.9)-(5.10) that 



Id/" 19 

- — \\FR u \\ p p -u AR U -{\FR U \ P ~ 2 FR U + VQ)dx = J2 B k, (5.11) 
Pdt ■ J n k=i 



where 



B x = - I u v ■ VR V ■ F(\FR u \ p - 2 FR u )dx, B 2 = - [ R v ■ VvPF{\FR v \ p - 2 FR v )dx, 
Jn Jn 

B 3 = -v^ f R v ■ nd z v ■ F{\FR u \ p ~ 2 FR v )dx, B 4 = - [ R v ■ nd z u h ■ F{\FR v \ p ~ 2 FR v )dx, 
Jn Jn 

= -v 7 ^ / R v ■ V x u b • PdP^I^'P^R^dx, B 6 = - I d t v ■ ¥(\FR v \ p - 2 FR v )dx, 
Jn Jn 

Au° ■ F(\FR u \ p - 2 FR u )dx, B 8 = ^ [ A x u b ■ P(|PiT| p - 2 PiT)dx, 

Jn 

2n ■ V x d z u b ■ F{\FR u \ p - 2 FR u )dx, B w = v J Q A x [v(x, ^)] • P(|Pi?"| p - 2 Pi2")da;, 

/ u v ■ V x v ■ F{\FR v \ p ~ 2 FR v )dx, B 12 = - f n v ■ Vw° • F(\FR u \ p - 2 FR u )dx, 
Jn 

-i / w° • nd z v ■ F{\FR u \ p - 2 FR u )dx, B u = -JO f Q v ■ nd z v ■ F(\FR u \ p ~ 2 FR u )dx, 
\l v Jn 

B 15 = - f v nd z u b ■ F(\FR u \ p - 2 FR u )dx, B 16 = - J n u b ■ V x u b ■ F{\FR v \ p ' 2 FR u )dx, 
Jn 

B 17 = I A<p ■ d z u b ■ F(\FR v \ p - 2 FR v )dx, B 18 = -J) f Q v ■ V x u b ■ F(\FR u \ p ~ 2 FR v )dx, 



B 5 
B 7 
B 9 

B u 

B\3 



B 
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/ (W x q) ■ (\FR p \ p - 2 FR v + WQ)dx. 
Jn 
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We need to estimate each term in (5.11). We first deal with the term 
involving Laplacian: 



Jn 

= -v I A{R v )\FR v \ p - 2 FR v dx 
Jn 

- v [ A(FR u )VQdx -v \ A((J - ¥)R u )VQdx 
Jn Jn 

:—di + d 2 + d 3 . 
Integration by parts leads to 

t*! =v [ (V(iT) : V(\FR u \ p - 2 FR u ))dx - v I (VR U ■ ft) ■ (\FR v \ p - 2 ¥R v )d<T 
Jn Jan 

=d n + di2 

(5-12) 

Note that |Vw| > |V|u|| for any vector u. Thus it is easy to derive that 

d n =v [ (V(PiT) : V{\FR u \ p - 2 FR u ))dx 
Jn 

+ u I (V((J - F)R V ) : V{\FR v \ p ~ 2 FR v ))dx 
Jn 

=v [ \V(FR l/ )\ 2 \FR ,/ \ p ~ 2 dx + {p-2)v [ QFR"^-^ V|PiT|) 2 dz 
Jn Jn 

- v I (V((/ - F)R V ) : VQP^T^Pi^dx 
Jn 

>\v [ |V(Piy)| 2 |P#T~ 2 dx+ (p ~ 2)4 /y f \V\FR"\i\ 2 dx 
2 Jn P Jn 

-Cv [ -F)R u \ 2 \FR u \ p - 2 dx - Cu [ | V(J - F)R U \ \FR"\ | V(|Pi2"| J 
Jn Jn 

>\v [ \V(FR v )\ 2 \FR v \ p ~ 2 dx + 2i ~ P ~ 2 K [ \V\FR»\ P z\ 2 dx 
2 J P Jn 

-Cu f -F)R u )\ 2 \FR v \ p - 2 dx 
Jn 

Jl{p-l) v J | V | Fi ^jf _ c|| V ((7 — F)^)!^ — C||F J R , '||^. 



p2 



(5.13) 
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Next, we handle the boundary term d 12 - Note that due to (5.2), one has 



\d 
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{VR U -n) ■ {\FR u \ p ~ 2 FR u )da 



an 



—v 



[ ((V(R v + v)) -ft) ■ (\FR v \ p - 2 FR v )da + v [ (Vu • ft) ■ {\FR v \ p ~ 2 FR v )da 
Jan Jan 



{(V(R V + v)) ■ ft) ■ (\FR u \ p - 2 FR u )da 



an 



+ Cv\\Vv\\ p , dn \\FR%^ 
(5.14) 

Since (\PR"\p- 2 FR v ) ■ n\ dn = and (R u + v) ■ n\ dn = due to (5.2), then it 
can be verified that 



v [ ((V(i2" + v)) ■ ft) ■ {\FR v \ p - 2 FR v )da 
Jan 

=u f (V x (R u +v)xn)- (\m v \ p - 2 m v )do- - v I ((D x (n)(R v + v))) ■ (\FR v \ p - l FR v 
Jan Jan 

(5.15) 

Note that it follows from the boundary condition (5.3) that 

(V x (R v + v)) x ft = -(V x b) x ft + (V x x v) x ft. 
This and (5.15) show that 

v [ ((V(iT + v)) ■ ft) ■ {\FR u \ p ' 2 FR u )da 
Jan 

v [ (-(V x b) x ft) ■ (\¥R v \ p - 2 ¥R v )da + v I {{V x x v) x ft) ■ {\FR u \ p ~ 2 FR u )da 
Jan Jan 

-v I {D x {ft){R v + v)) ■ {\FR v \ p - 2 FR v )da 
Jan 

<vC ((I \b\ \ 1Jtt0n + | M I ^ | |Pif| \ p J n + | |PiT| liao + IKZ-PWUflnllP^llSi) 
This and (5.14) yield 

Note that ||6||i jPj afi < v~^C and \\v(t, •, 0)||i jPj an < C. One can obtain from 
Lemma 2.1, Lemma 5.3 and Young's inequality that 



|d 12 | < sv\\V\FR v \m + C\\FR v \\ p p + C. 



(5.16) 
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Next, due to the formula Aw = —V x (V x u) + V(div-u), one has 

d 2 + d 3 = - [ A(PiT)VQdx - v I A((7 - F)R v )VQdx 
Jn Jn 

= ~ [ ((V x (FIT)) x n)VQdx + v I div((J - F)R u )AQdx 
Jan Jn 

(s.rr) 

where one has used the fact that VQ • n\gn = 0. Note that (V x (Pi?")) x n = 
(V x R v ) x ft. It thus follows from a similar argument for (5.16) that 



((V x (FR V )) x ft) ■ VQdx 



an 



<C , i/(||6jj 1 ^, n + 111711!^,^ + jlFir|| p ,on + ||(7-F)i2 v || P) an)||VQ||^,on 
<Cu(\ \b\ \ liPidn + | \v\ 1 1>Pi an + I |Pi2"| \ P ,an + 1 1 (/ - P)#1 | Pl an) ||V(|Pi<H f 



<C||P j R"||p + ^ilvdP^p)!!^ + C, 



(5.18) 

where one has used (5.7), (5.10), Lemma 2.1 and Lemma 2.3. Furthermore, 



v I div((J - F)R u )AQdx <z/|(div(/-P)i? !y )|| p ||AQ||_P_ 



(5.19) 



<C\\FR u \\l + ey\\V\FR l/ \^\\l 



where (5.10) and (5.7) have been used. Thus it holds that 

14 + 41 < C\\FR v \\l + ev\\\FR v \*\\l + C. (5.20) 

Now we turn to the estimates of Bi (1 < i < 18). 
Estimate of B\\ We first rewrite B\ as 

B 1 = - f (K - u°)VR v ) ■ {\FR v \ p - 2 FR v + VQ)dx 
Jn 

- [ {u°VR v ) ■ (\FR U \ P ~ 2 FR V + VQ)dx 
Jn 

=B n + B 12 . 

Then it follows from integration by parts many times and the boundary 
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condition u° ■ n\ dn = FR V ■ n\an = that 



an 



- I u° ■ V(PiT + (/ - F)R V ) • (||PiT|| p - 2 Pir + VQ)dx 
Jn 

- J u°V Q|PiT|^ dx - J (u°VFR")VQdx 

- [ (u°V(J - F)R") ■ {\FR»\ p - 2 FR v + VQ)dx 
Jn 

[ (FR U ■ W)VQdx + I (u°V(J - F)R") ■ (\FR»\ p - 2 FR v + VQ)d. 
Jn Jn 

CHP^IIpIIVQII^ + C||V(/ - F)R U \\ P (ipwrnr 1 + IIVQH^) 
<C+ \\FR% 

(5-21) 

where one has used the regularity of u°, (5.10) and Lemma 5.3. Next we 
estimate B u . Rewrite B u as 



< 



< 



\B n \ < 



M „.0\x-?r>v\ 



n 



\ p ' 2 FR u dx 


+ 


/ 






Jn 



((/ - M u )v^)vgdx 



(5.22) 



B 



in 



=-Bni + -Bii2- 
It follows from (3.1) that 

/ {{u v -u°)V{I -F)R v )\FR v \ p - 2 FR v dx 
Jn 

<(v^||« 6 ||oo + HM|oc)||(/ - P)i? / ||i lP ||Pi?'||J- 1 

+ u I |V(I-P)i^|||Pi2Tda; + i/ [ |(7 - F)i2"||V(7 - F)i2 I/ ||Pi2 I '| p - 1 da; 
Jn Jn 

<C + is\\FR u f_ £L + C\\FR v \\ p p 
<^|V|PiT|2||f ||PiT||jf^ + \\FR u \\ p p + C 

(5.23) 
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Similarly, the term £? 112 can be estimated as follows 



< 



/ dlv((u u - u°) <g> VFR U ) ■ VQdx 
Jn 

[ {^/Du b + uv + vR v ) ■ V(J - F)R U ■ VQdx 
Jn 

+ (^\\u b \\^ + v\\v\U\\(I-F)R%jVQ\\ p , 



[ {y/uu h + isv + vR v ) <g> FIT : V 2 Qdx 
Jn 

+ u\FR u \^_ 
p-i 

<C||Pi?l£ + eiy\\V\FR"\i\\l + C^PiTf^. 
Therefore, we obtain from (5.21)-(5.23) that 



/-P)i?li, P ||VQ|| p2 +z/||(/-P) j R1| 00 ||V(/-P) j R1| p ||VQ|| p , 

(p-i) 2 



p-i 



vi *\\l 



(5.24) 



(5.25) 



5i < C||PiT||£ + CV||PiT||p p - 3 + C + ei/||V|Pi2' 
Estimate of B 2 +B 4 : 

Due to the regularity of u° and the uniform bound for d z u b , one can get 
from the estimate (5.10) that 

\B 2 + B 4 \ < \\FR u \\ p p + C. 

Estimate of B 3 + B 5 : 

It follows from the construction of v in [12] that 

\B 3 + B 5 \<Cy^ [ |ir|]v^ 6 ||P(|Pir| p - 2 Pir)|dx 

Jn 

<C^D [ iP^HV^HPdP^I^P^Idx 
Jn 

+ Cy/V [ \(I -F)R u \\V x u b \\F(\FR u \ p - 2 FR u )\dx 
Jn 

=Ji + J 2 . 

Note that for p > 3, ||V x m 6 ||2 P < C|| ii 6 1| 1,3,1 and 

\\(I-F)R»\\ 2p <C\\{I-F)R»\\ ltP <C, 
due to (5.7) in Lemma 5.3. Thus, one can derive from this and (5.10) that 



(5.26) 



flip— 1 



Ji <C^D\\FR u \\ 2p \\FR 

^cv^hvip^i 1 11! np^iir 1 

<Cvi\\V\FR u \2\\ 2 2 + C\\FR v \\ p p 
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and 

<C\\FR v \\ p p + Cv*. 
Combining this with (5.26) yields that 

\B 3 + B 5 \ < C\\FR"\\p + Cv*\\V\^R u \*\\l + Cvz. 



(5.27) 



Estimate of B 6 : 



Due to the construction of v(t,x, z) = —n J z °° div^u^dz, one can rewrite 



Br as 



< 



/ / (d t div x u b (t,x,z)dz) n-F{\FR v \ p ~ 2 FR v )dx 

p poo 

/ / div x {[u b - Wu° + u°- V x u b }tan}dzn-¥(\FR u \ p - 2 FR u )d. 

/' poo 

/ / div x [fz-d z u b ]dzn-F(\FR v \ p - 2 FR v )dx 
Jn J*M. 

p poo 

/ / dW x d%u b dzn-F(\FR v \ p - 2 FR'')dx 
=B 6 i + B 62 + B 63 , 

(5.28) 

where one has used (3.6). Due to the regularity estimates of u b and u° and 
Lemma 5.2, one has 



B 61 <C\\FRX + C\\u% 3fi . 
Similarly, the regularity of / and d x d z u b yield 

B*<C\\Fir\\* + C\\u b \\>i A i- 

Finally, 



(5.29) 



(5.30) 



B m < CUdiv^l^llpllP^lir 1 < HP^II^ + CII^II^. (5.3I) 
Consequently, one has 

\B 6 \<C\\FR u \\ p p + C. (5.32) 
Similar analysis yields that 

\B 7 + B 8 + B 9 \ < C\\FR v \\ p p + C^\\u b \\l 2fi + \\u b \\l 2tl + C. (5.33) 
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Estimate of B w : 

By integration by parts, one can rewrite | -Bio I as 



Biol < 



"1 




v ^x 


Ji 


i 




+ v 


/ d n f v 




Jan 





<p(x) 



: {V{\FR u \ p - 2 FR u ) + V 2 Q)dx 



|Pi2"| p - 2 P72 ,/ + VQ)da 



(5.34) 



=-B 10 i + B 102 - 



It follows from the regularity estimates of v, Lemma 5.1 and its analysis, 
Young's inequality, and (5.10) that 



Bioil <Cv 



V X 



ip(x) 



'1 



\FR v \ p ~ 2 dx + Ci> / \VFR u \ 2 \FR u \ p - 2 dx 
Jn 



+ v 



V X 



(p(x) 



'1 



|v 2 g||^ 

p— i 



<C\\FR u \\ p p + ev\\V\FR u \2\\ 2 2 + C. 

(5.35) 

Due to the construction of v(t,x, ^^) = vn with v being a scalar function 
given by v(t,x,z) = — f°° div x ii b (t, x, z)dy, one has d n v = d n vn + vd n n. 
Since F{\FR v \ p - 2 FR v ) ■ n = on dSl, so 



B W2 =v 



J(x, 0)d n n) ■ {\FR v \ p - 2 FR v + VQ)da 



an 



—v 



divp(x, 0)d n n ■ (\PR v \ p - 2 FR v + VQ))n}dx 



<v \ \V[v(x,0)d n n- n}\\(FR u \ p - 2 ¥R u + VQ)\dx 
Jn 

+ u I \v{x^)d n n\\n\\V{\FR u \ p - 2 FR v + VQ)|d 
Jn 

<C\\FR"\\* + eu\\ V|Pi?H f 111 + C. 

Therefore, 

I Bio | < C\\FR u \\ p p + eis\\V\FR u \i\\l + C. 
Estimate of B n : 



(5.36) 



(5.37) 
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It follows from the regularity estimates for u° and u b and (5.10) that 

| flu | < I (u° + ^Du b + vv + vR v ) ■ V x v ■ (|Pi2"| p - 2 Pi2" + VQ)dx 
Jn 

<C(\\u°\U\V x v\\ P + v^lk 6 |U|V^|| 2p + v\\v\\ 2p \\V x v\\ 2p )(\\FR%- 1 + ||VQ||_z_) 

+Hi^ii2piiv^ii 2p (iiPfliir i +nvQii_^) 

<C(||M°||oo + ||w 6 ||l,3,0 + V^\\U%,3,1 + ||« 6 ||l 1 2,0 1 2 P ) P 

< ev\\V\VR!'\m + C\\FR''\\r + C 2 . 

(5.38) 

Estimate of fl 12 + ££ 14 B t : 

Applying similar analysis and using the bounds on u b , d z u b , u° and v, we 
can get 



18 



fli2 + Bi 



i=14 



< C\\FR u \\ p p + C. 



(5.39) 



Estimate of fl 13 : 

It follows from the definition of v, (4.1) and (5.10) that 



-- / (u° ■ n)dw x u b n ■ (\FR v \ p - 2 FR v + VQ)dx 







fll3 = 


-V 







u° ■ n 



(zdiv x u b 



<C\\(1 + z)dw x u b 

^c^ii^n^iiPfliir 1 

<C\\FR V \\» + Cv*. 

Estimate of flig: 

Finally, we estimate flig. Since 



n-{\FR u \ p - 2 FR u + VQ)dx 



p ■ ||FA' 



v 1 

V 



POD 

V x g = - / ((y x u b (z))-Vu +u -(y 2 x u b (z)))-n+(u b -Vu +u -V x u b )-V x ndz. 

J z 



Then 
Therefore 



\\V*q\\ P < C\\u b \\ Ll{R+ ^ m < C\\u% A 
fl 19 <C||Pfll£ + C 6 . 



i- 



(5.21) 
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Collecting (5.12), (5.13), (5.16), (5.20) and all the estimates on B^i = 
1, • • • ,19), one deduces from (5.11) that, for suitably small s, it holds that 

— llPiTl^ + ccHlVlPiriil^ < C\\FIT\\r + C + v\\FR v \\ P p > ± s. (5.22) 
at 

Since 2=1 > 1, so part (c) of Gronwall's Lemma implies that there exists a 
small < v Q < 1 such that for all < v < u , the desired estimate (5.8) in 
Lemma 5.4 holds. This completes the proof of Lemma 5.4. 



6 /^-estimates of the remainder R u 

In this section, we will derive the if ^estimates for the remainder R v . To 
this end, we need to apply Lemma 2.4 to handle the boundary terms in the 
L 2 -estimate of the vorticity. However, it is noted that R v does not satisfy 
the conditions in Lemma 2.4. To overcome this difficulty, we set 

R(t,x) = R"(t,x) + b(t,x) (6.1) 

where b(t,x) is defined in Section 5. It then follows from (5.1)-(5.4) that 
R(t, x) solves the following system 



d t R - uAR + u u -VR + R- Vw° + y^R ■ nd z v + R ■ nd z u b + y/DR ■ V x u b 

=R.H.S. + d t b - uAb + u u - Vb + b-Vu° + V"b- nd z v + b ■ nd z u b + ^b-V, 

(6.2) 

( V( x )\ 
divi?(t, x) = — div x v I t, x, — ■= J + divb(t, x), 



u 



with boundary and initial conditions as 

R-n = 0, (curLR) x n = 0, on ffl, (6.3) 
R(0,x) = 0, in n. (6.4) 

Here R.H.S. is defined in (5.1). 

It follows from the analysis in Section 5 and in [12] that 

\\R V \\L°°(0,T;LP(n)) < C, S<p<6, (6.5) 
||^IU°°(0,T;ifl) < CV - ^ (6.6) 

||-R||L°°(o,r;L 2 (n)) + ||divi2||x,oo( 0) T;L2(n)) < Cv~i. (6.7) 
It follows from (6.3), (6.5)-(6.8), and Lemma 2.2 that 

H^lli.2 < ||V x R\\ 2 + Ciy-^ (6.8) 
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Therefore, it suffices to estimate ||V x R\ \l°°(o,T;L 2 (q))- Set w = V x R. Then 
(6.2) implies that 

d t oo - vAuj + cm\(u u ■ VR) + curl(i? • W) + 
v^curl(# • nd z v) + curl(i? • nd z u b ) + y/vcail(R • V x u b ) 
=cm\R.H.S + cm\d t b - z/Acurlfe + cur^u" • V6) + curl(6 • Vw°) 
+ v^curl(6 • nd z v) + curl(6 • nd z u b ) + y^curl^ • Vu b ). 

Multiply (6.9) by u and integrate on fl to get 

12 



(6.9) 



dt 



v I Au-udx = j cm\(R.H.S.) ■ udx + ^ E { . 
Jq Jq i=1 



(6.10) 



First, we estimate the second term on the left hand side. Integration by parts 
yields 



Jq 



Au ■ udx = +u / \Vu\ 2 dx — v \ (n ■ Vw) • wda 



dQ 



It follows from (6.3) and Lemma 2.4 that 



/( 

J dQ 



in ■ Vw) • uda 



< Cv I \u\ 2 da + Cv 

'dQ 



f 3 

/ V[uxV[wx n\ n \ n da 

JdQ n=1 



Since w x n\dn =0, soV[wx n] n is parallel to n, thus [wxV[wx rz] n ]n|an = 0. 
Hence the last term above is zero. It follows from this, Lemma 2.1 and Lemma 
2.3 that 



[n ■ Vw) ■ uda 



on 



< ev \ \Vu\ 2 dx + C(e)v / |w| 2 da;. 



Q 



Consequently, one gets 

-v I Aw ■ udx > (1 - e)v I |Vw| 2 dx - Cv I \u\ 2 dx. (6.11) 
Jq Jq Jq 

Next, we estimate the terms on the right hand side of (6.10). 

First, due to (6.2), (6.7), Lemma 2.3, and Theorem 2.8, one can get 



E 1 = / (V x (u u ■ VR)) -udx< / | W| |Vi2| \u\dx 



[u v • Vw) • udx 



J 

Jq 



Vu v \ \VR\ \u\dx < ||Vti , '|| o||Vi2||2 |H| 2 



<C||V^|| 0O (||a;|| 2 + ||div J R|| 2 )||a;|| 2 

^iiwiuiw^ + cv- 1 . 



(6.12) 
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Due to Lemma 2.3, (6.5) and (6.6), one has 



\Eo\ = 



/ V x (R ■ W) • udx < / |Vi2| |Vm°| \co\dx+ / (R • Vcurlw ) • udx 
Jn Jn Jn 



<||V« ||oo||Vi2||2 ||w|| 2 + C\\R\\ 6 ||Vcurkf°|| 3 |M| 2 
<C\\u\\l + Cv- 1 . 

Next, note that 

E 3 = sfv \ V x (R ■ nd z v) ■ udx 
Jn 

=^fv ( / {R ■ n)(V x d z v) ■ udx + / d z v x (V(R ■ ft)) ■ udx 
\Jn Jn 

=K X + K 2 . 
One has by Lemma 2.3 and (6.7) that 



(6.13) 



\K 2 



/ V(R ■ ft) x d z v ■ udx 
Jn 



^v^llV^-^lhll^llell^lla^Cv^llwllIllVcullIllV^ • n)|| 2 ||« 6 ||i,2,i 
< l -vs\\Vu\\l + Ci/i||w|||(||w||| + ||divi?|||) 

< l -vs\\Vu\\l + C\\u\\l + C. 
Noting that V x ip = ft, one can get 



\K ± \ =v^ 
=\py 
=\fv 



\ R ■ n(V x d z v) ■ udx 
Jn 

/ (R ■ ft) • (V x (d z vn)) ■ udx 
Jn 

/ (R ■ ft)(d z v(V x ft) + n x V(<9 z v)) • wdx 
Jn 



(R ■ n)((d z v)(V x ft) + n x (V x 9 z i; H — -=(d 2 z v)n)) ■ udx 



(R-n)((d z v)V x n) • wdrr 



+ v 7 ^ 



/ (R- n)(n x V x d z v)udx 
Jn 



<v^||i?|| 6 (||^(V x n)\\ 2 + \\n x (V^)|| 2 )||w|| 3 
<Cv^||Vi2|| 2 (||(div^ 6 )(V x ft)\\ 2 + ||n x (V x div x u 6 )|| 2 )|M|i ||Vw| 
<\eu\\Wu\\ 2 2 + C\\u\\ 2 2 + C^. 
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Hence, we obtain 

E 3 < Cu~* + C\\u\\l + eu\\Vu\\l (6.14) 
To estimate E 4 , we note that 

E A = / V x (R ■ nd z u b ) ■ udx 
Jn 

= I (d z u b x V(R ■ n)) ■ udx + [ (R ■ n)(V x x d z u b ) ■ udx + — / (R-n)(nx d 2 z u b ) ■ udx. 
Jn Jn Jn 

Since R-n = R y -n + b- n = R u -n + u(t, x, 0) • n due to (3.8), thus 

\\R • ™|U°°(0,T;I,6(fi)) < C, 

by (6.5) and the regularity estimates for u b . It follows that 



\E 4 \ <\\d z u b \U\V(R-n)\\ 2 \\u\\ 2 +\\R-n\\ 6 \\V x x (d z u b )\\ 3 \\u\\ 2 

+ ^|| J R-n|| 6 ||^V|| 2 ||a;||3 
v v 

<C||a;||^ + Ci/- 1 + -^zyi||^||o,i ) 2||a;||I||Vw||I 
<C\\u\\\ + Cv- 1 +ei/||Vw||l. 
Integrating by parts and using (6.3), one can get 

-V^ / -R • V x w 6 curla;dx 
in 



(6.15) 



\E,\ = 



< v^p|| 6 ||V^ 6 || 3 ||curlu;|| 2 



< v^||V x u c ||i l2) i||Vi2||2||curL;|| 2 < Cv' 1 + \\u\\\ + ev\\Vu\\ 2 2 . 
Since d t b(x, t) = d t v(t, x, 0) + -^d t u b (t, x, 0), hence 

\\d t cmlb(x,t)\\ 2 = ||^curL,.t;(f,:c,0) + -^=d t cm\ x u b (t,x, 0)|| 



< ||a t curl^(t, z, 0)|| 2 + -i=||3tcurl x u 6 (t, x, 0) || 

<C||^ 6 ||i,2,o + 4;ll^ 6 |lw 
Therefore, i? 6 can be bounded as follows, 

\E 6 \ < \\d t cur\b(x,t)\\ 2 \\u\\ 2 < C{\\d t u b \\l 2fi + v- l \\d t u b \\l^) + \\uf 2 . 

(6.16) 
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Integrating by parts shows that E 7 = v f n A x b ■ curlwdx. Hence 



\E 7 \ < i/||A6(a;,t)|| 2 ||curla;|| 2 < u(\\ A x v(t, x, 0) || 2 + A x u\t, x, 0) || 2 ) || curio; || 2 



<^lk b |li,3,o+ll^llw)+^l|Vo;||^ 
Since Hftlloo + \\b\\ H , + ||V x &||oo + HV^IU < C\\u%, 3 ^ , so 



(6.17) 



\Ea 



[ V x («" ■ V&) • udx 
Jn 

< [ |Vu"| |V6| \oo\dx+ [ u v ■ V(V x h) ■ udx 
Jn Jn 

<||Vu"|| 0O ||V6|| 2 ||a;|| 2 + ||V26|| 0O ||« , '|| 2 ||a;|| 2 
<C||ar||l + Ci/ _1 . 



(6.18) 



Similarly, 



\Eq 



< 



V x (b x Vm°) • udx 



|(V x &)||Vu°||u;|da; 



+ I \b\\V ■ (V x w )||o;|dx 
in 



(6.19) 



<C||a;||| + C^- 1 . 



Due to (3.8), it holds that b-n = -^u (t, x, 0) -n + v(t, x, 0)n = v(t, x, 0)n 
v(t, x, 0) = — J °° div x ii b (t, x, z)dz, one can get 



\Eio + En + E12 



/ u(t,x, 0)div x u 6 rc- V x o;dx + / v(t, x, 0)d z u b ■ (V x u)dx 
Jn Jn 



(b ■ Vw 6 ) • curlo;dx 



^euWVuWl + Ciy- 1 . 
It remains to estimate the term f Q curl(R.H.S) ■ udx. Set 



(6.20) 



r 14 

/ curl(R.H.S) -udx = J2 D 
Jn i=i 
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Where 



Di = — cwc\(d t v) ■ udx, D 2 = / curlA-u • udx, 

Jn Jn 

D 3 = y/u / curl[A x -u fc ] • udx, D 4 = curl(2n • V x d z u b ) ■ udx, 

Jn Jn 

D 5 = v \ cm\(A x [v(x, — ■=■])• udx, Dq = — cur\(u v ■ V x v) ■ udx, 

Jn v u Jn 

D 7 = — / curl(f • Vw°) • cudx, D s = — / curl(w° ■ nd z v) ■ udx, 

Jn \l v Jn 

D 9 = —\py \ curl(i> • nd z v) ■ udx, D 10 — — curl(i; • nd z u b ) ■ udx, 

Jn Jn 

Dn = — curl(w fe • V x u b ) ■ udx, D 12 = / curl(A</? • d z u h ) ■ udx, 

Jn Jn 

D13 = —\pu / curl(v • V x u b ) ■ udx, Du = —j= \ curl(V x g) • udx. 

Jn \l v Jn 

As in the argument in the estimate of E$, one can infer 



|I?i|<C7(||ft«l? AO )i/- 1 + C7||a;|||. 



(6.21) 



It follows from the regularity of u° and u b and integration by parts due to 
(6.3) that 



\Do 



curlAw • u 



<C + \\u 



|2 
12? 



A x u curlc^dx 



< v^||A^ b || 2 ||curla;|| 2 (6 ' 22) 



<C\\u%^ + £v\\cur\u\\ 2 2 . 

Since curl x [2n- V x d z u b ] = 2curln-V x d z u b —2n-V x cml x u b —2n-V x (d^u b xn)^, 
thus 

\D 4 \ < CWuX^u- 1 + C\\u b \\l 2A + (6.23) 

Due to 



h(x, 
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we can estimate the D 5 to obtain 



I A; I <y 



A, 



V{t,X, -j=j 



curlwdx 



n 



A x v(i, x, -£=) + 2^ • V x d z v(t, x, ^J-) + -^d z v(t, x, ^) 



07 07 



1 o2 , c/?(x , , 
+—o z v{t,x, — pr- I curlwdx 



<C|k & lll3,o+2 £ H|Vu;||^ + 



fidiv^S^u 6 • curlwdx 



^Cdl^llUo+ll^llo.i^^+^llV^lli 
Next, one has 



(6.24) 



|As| = 


/ u v ■ V x v ■ udx 




Jn 



<\\Vu\\ 2 \\V x v\\ 3 \\u u \\ 6 
<C||Vo;||2||« 6 ||i ) 3 1 i||V« , '||6 
<C||Vo;|| 2 ||« 6 ||i ) 3 1 i 
<ei/||Va;||l + Ci/" 1 ||«»||? A1 . 

Direct estimate using (4.1) leads to 



(6.25) 



|£>7 



/ (v ■ Vu° ■ curlw)dx < eu \ S7w\ 2 dx + 0(l)i/ _1 . (6.26) 
in Jn 



Next, it follows from the regularities of / and integration by parts that 
\D R \ = 



- (zd z v)\ _ < P ( X ) - curia; 

n <P ~~ 

<||/||oo||w 6 ||2,i,o||V x cu\\ 2 < ev\\Vu\\l + Cv-\ 
Similarly, it follows from the uniform bounds on d z u b and A0 that 



(6.27) 



13 



i=9 



< C + Cu- 1 +eu\\Vw\\l, 



(6.28) 



where C depends on ||m 6 ||l°°( 0iT; .h 1 3 1 ). 

It remains to estimate D u . To this end, we note that curlfV^g] = d z V x qx 
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ft. Thus, due to (3.7), one has 
1 



\D 



14 



/ (d z V x q x n) ■ udx 
Jn 



< -^=\\V x d z q\\ 2 \\u>\\2 



<-p||V ((u° ■ V x u b + u b ■ Vw°) • n) h\\u\\ 2 
<Cv^\\u b \\l 2fi + \\u\\\. 



(6.29) 



As a consequence of all the estimates (6.11)-(6.29) and Propositions 4.3-4.6, 
we obtain 

-rlMls + TT / | Va;| 2 da; < C||a;||l + C(l + ||fl!tw 6 ||? 1 1)^ -1 - (6.30) 

Since (||9 t u 6 ||f : x +l) is integrable on [0,T], so (6.30) implies that | \oo\ \l°°(o,T;L 2 (ci)) < 
Cu~^. This and (6.8) show that sup 0<t<T ||-R||i,2 < CV~^. Hence 



SUp ||i?1l,2 < Cl/"2. 

0<t<T 

Note that, due to Lemma 4.1, one has that 



Va.[u(t,x, 



< || ^ & || 1,2,0 + V 4 ||^||o,2,0- 



(6.31) 



(6.32) 



Thus, we have shown that for v G (0, i/q], 



sup || u v — u° || i )2 < CV 4 , 

0<t<T 

/ IK-u°- vW^i^dt <c. 



(6.33) 



Furthermore, similar to the derivation of (6.30), one can show that for p e 
(3, 6], it holds that 



^IHI?<c(ll« 6 ll?' A s + i)IMI? + Ci/-5 > 

since p > 3, so it follows from the Sobolev's embedding that 



\R"\ 



L°°((0,T)xn) ^ 



Consequently, 

\\u v - u°\\ L ^^ ,T)xn) < Cv*. 
Thus, the proof of Theorem 3.4 is completed. 



(6.34) 

(6.35) 
(6.36) 



41 



References 



[1] Adams A. and Fournier J.J.F, Sobolev Space second ed., Pure and 
Applied Mathematics series , 140, Elsevier (Singapore) Pte Ltd. (2009). 

[2] Beirao da Veiga H., On the sharp vanishing viscosity limit of viscous 
incompressible fluid flows, Kazhikhov's Memorial Volume: New Defec- 
tions in Mathematical Fluid Mechanics, book series Advances in Math- 
ematical Fluid Mechanics, 113-122, Birkhauser Verlag Basel, 2009. 

[3] Beirao da Veiga H. and Berselli L.C., Navier-Stokes Equations: Green's 
matrices, vorticity direction, and regularity up to the boundary, J. 
Differential Equations. 246(2), 597-628 (2009). 

[4] Beirao da Veiga H. and Crispo F., Sharp inviscid limit results under 
Navier type boundary conditions. An LP theory, J. Math. Fluid. Mech. 
12, 397-411 (2010). 

[5] Beirao da Veiga H., Crispo F. and Grisanti C.R., Reducing slip bound- 
ary value probelms from the half to the whole space, J. Math. Anal. 
Appl.377, 216-227 (2011). 

[6] Beirao da Veiga H. and Crispo F., The 3-D inviscid limit result under 
slip boundary conditions. A negative answer, J. Math. Fluid. Mech., in 
press, DOI:10.1007/s00021-010-0047-5. arXiv: 1010.5131vl[math.AP] 
25 Oct 2010. 

[7] Bourguignon J. P. and Brezis H., Remarks on the Euler equation, J. 
Fund. Anal. 15, 341-363(1974). 

[8] Clopeau T., Mikelic A. and Robert R., On the vanishing viscosity limit 
for the 2D incompressible Navier-Stokes equations with the friction 
type boundary condition, Nonlinearity. 11 , 1625-1636(1998). 

[9] Constantin P. and Foias C, Navier-Stokes equations. Chicago Lectures 
in Mathematics. University of Chicago Press, Chicago, 1988 

[10] Constantin P. and Wu J., Inviscid limit for vortex patches, Nonlinear- 
ity. 8(5), 735-742(1995). 

[11] Ebin D.G. and Marsden J., Groups of diffeomorphisms and the notion 
of an incompressible fluid, Ann. of Math. 92(2), 102-163(1970). 

[12] Diening L. and Ruzicka M., Strong solutions for generalized Newtonian 
fluids, J. math, fluid mech. 7, 413-450(2005). 



42 



[13] Iftimie D. and Planas G., Inviscid limits for the Navier-Stokes equations 
with Navier friction boundary conditions, Nonlinearity. 194, , 899- 
918(2006). 

[14] Iftimie D. and Sueur F., Viscous boundary layers for the Navier-Stokes 
equations with the Navier slip conditions, Arch. Rational Mech. Anal, 
DOI:10.1007/s00205-010-0320-z. 

[15] Jager W. and Mikelic A., On the roughness- induced effective boundary 
conditions for an incompressible viscous flow, J.Diff. Eqns. 170, 96- 
122(2001). 

[16] Kato T., Nonstationary flows of viscous and ideal fluids in R 3 , J. Func- 
tional Analysis. 9 , 296-305(1972). 

[17] Kato T., Remarks on zero viscosity limit for nonstationary Navier- 
Stokes flows with boundary" , Seminar on nonlinear partial differential 
equations (Berkeley, Calif., 1983). 85-98. Mathematical Sciences Re- 
search Institute Publications, 2. Springer, New York, 1984. 

[18] Lions P.L., "Mathematical topics in fluid mechanics. Vol. 1. Incom- 
pressible models. Oxford Lecture Series in Mathematics and Its Appli- 
cations, 3. Oxford Science Publications. The Clarendon Press, Oxford 
University Press, New York, 1996. 

[19] Lopes Filho M.C., Nussenzveig Lopes H.J. and Planas C, On the invis- 
cid limit for two-dimensional incompressible flow with Navier friction 
condition, SI AM J. Math. Anal. 36, 1130-1141(2005). 

[20] Masmoudi N., Remarks about the Inviscid Limit of the Navier-Stokes 
System, Commun. Math. Phys., 270, 777-788 (2007). 

[21] Masmoudi N. and Rousset F., Uniform Regularity for the Navier- 
Stokes Equation with Navier Boundary Condition, larXiv:1008.16 78vl 
[math.AP] 10 Aug 2010. 

[22] Navier C.L.M.H., Sur les lois de l'equilibre et du mouvement des corps 
elastiques, Mem. Acad. R. Sci. Inst. France. 6, 369(1827). 

[23] Necas J., Sur une methode pour resoudre les equations aux de rivees 
partielles du type elliptique, voisine de la variationnelle, Ann. Scuola 
Norm. Sup. Pisa 16(3), 305-326(1962). 

[24] Novotny A. and Straskraba I., Introduction to the Mathematical The- 
ory of Compressible Flow, Oxford University Press, 2004. 



43 



[25] Oleinik O.A. and Samokhin V.N., Mathematical Models in Boundary 
Layers Theory, Chanpman & Hall/CRC, 1999. 

[26] Prandtl L., iiber Fliissigkeitsbewegungen bei sehr Kleiner Reibung, 
Verh. Ill Int. Math.-Kongr. (Heidelberg 1904), 484-494. Teubner, 
Leipzig, 1905. 

[27] Sammartino M. and Caflisch R.E., Zero viscosity limit for analytic 
solutions of the Navier-Stokes equation on a half-space, I. Existence 
for Euler and Prandtl equations, Comm. Math. Phys. 192(2), 433- 
461(1998); Zero viscosity limit for analytic solutions of the Navier- 
Stokes equation on a half-space, II. Construction of the Navier-Stokes 
solution, Comm. Math. Phys. 192(2), 463-491(1998). 

[28] Solonnikov V.A., L p -estimates for solutions to the initial boundary- 
value problem for the generalized Stokes system in a bounded domain, 
J. Math. Sci., 105(5), 2448-2484(2001). 

[29] Swan H.S.G., The convergence with vanishing viscosity of nonstation- 
ary Navier-Stokes flow to ideal flow in IR 3 , Trans. Amer. Math. Soc. 
157, 373-397(1971). 

[30] Temam R., On the euler equations of incompressible perfect fluids, 
Seminaire .Equations Aux Derivees Partielles-(Polytechnique). exp. 10, 
1-14(1974-1975). 

[31] Temam R. and Wang X., Boundary layers associated with incompress- 
ible Navier-Stokes equations: the noncharacteristic boundary case, J. 
Differential Equations 179(2), 647-686(2002). 

[32] Wang X., A Kato type theorem on zero viscosity limit of Navier-Stokes 
flows, Indiana Univ. Math. J. 50(Special Issue), 223-241(2001). 

[33] Wang X.P., Wang Y.G. and Xin Z.P., Boundary layers in incompress- 
ible Navier-Stokes equations with Navier boundary conditions for the 
vanishing viscosity limit, Commun. Math. Sci. 4(8), 965-998(2010). 

[34] Xiao Y.L. and Xin Z.P., On the vanishing viscosity limit for the Navier- 
Stokes equations with a slip boundary condition, Comm. Pure Appl. 
Math., 60, 1027-1055(2007). 

[35] Xiao Y.L. and Xin Z.P., Remarks on the vanishing viscosity limit for 
the Navier-Stokes equations with a slip boundary condition, Chin. Ann. 
Math. 32B(3), 321-332(2011). 



44 



[36] Xin Z.P. and Yanagisawa T., Zero- viscosity limit of the linearized 
Navier-Stokes equations for a compressible viscous fluid in the half- 
plane, Comm. Pure Appl. Math. 52(4), 479-541(1999). 

[37] Xin Z.P. and Zhang L., On the global existence of solutions to the 
Prandtl's system, Adv. Math. 181(1), 88-133(2004). 

[38] Yudovich V.I., A two-dimensional non- stationary problem on the flow 
of an ideal incompressible fluid through a given region, Mat. Sb. 4(64), 
562-588(1964). 



45 



